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Abstract-Application of the finite-element method (FEM) to chemical species diffusion 
and reaction in polymers by Fickian mass transport is described. The method is de- 
veloped by analogy to heat conduction and is extended to include multiple, reactive 
chemical species dissolved in multilayered polymeric materials. Because of the analogy 
to conductive heat transfer, existing FEM thermal codes can be readily adapted to solve 
chemical diffusion problems. The method described is limited to Fickian diffusion at a 
constant material temperature. 
NOTATION 
b = an empirical constant 
C, d” = the concentration of species i dissolved in a polymer 
C, = thermal heat capacity 
Ck = an empirical constant 
DC’), D = diffusivity tensor for species i 
h = film heat-transfer coefficient 
k’ = film mass-transfer coefficient for species i 
K = thermal conductivity tensor 
m = the maximum number of chemical species 
nn = the maximum number of nodes 
n = the outward pointing unit normal vector at a material boundary 
P, PC” = the pressure of species i dissolved in a polymer 
q”’ = the mass flux of species i across an internal material boundary (T 
r” = the rate of creation of species i at an internal material boundary 
R* = gas constant 
R, R’” = the volumetric rate of creation of species i dissolved in a polymer 
SO = Arrhenius preexponential factor for solubility of species i 
S, S”’ = the solubility function for species i dissolved in a polymer 
T, = the absolute temperature of a fluid surrounding the material body 
T = the absolute temperature 
t = time 
A = delta, or difference, e.g. AT = T2 - T, 
AH, = enthalpy of solution for species i 
V = the gradient operator 
v2 = v.v 
p = the density of the polymeric material 
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5 = the nonideal part of the nonlinear solubility function 
5 = the nonlinear solubility function 
r = the external boundary or surface of the polymeric material body 
u = an internal boundary or surface between two different polymers 
@ = the volumetric rate of heat generation 
P(‘~ = the chemical potential of species i 
[I I] = jump balance brackets, Eqs. (21) and (22) 
[Cl, = the mass-capacitance matrix for species i = 1, 2, , m 
[Cl, = the heat-capacitance matrix 
[K], = the chemical stiffness matrix for species i = 1, 2, . . . , m 
[KIT = the thermal stiffness matrix 
{I;‘} = the chemical pressure vector for species i = 1, 2, . . . , m 
{P} = the chemical pressure rate vector for species i = 1, 2, . . . , m 
{T} = the temperature vector 
{T} = the temperature-rate vector 
{F’}c = the chemical-force vector for species i = 1, 2, . . . , m 
{F}= = the thermal-force vector 
INTRODUCTION 
The finite-element method (FEM) has been applied successfully to the approximate so- 
lution of a variety of field problems[l-71, according to the needs of the industries that 
use this tool. In recent years, the need for prediction of the aging processes occurring in 
polymers and polymeric composites has been increasing, particularly where components 
or systems manufactured from these materials are subject to changes in mechanical be- 
havior (and ultimately, performance reliability) due to the material’s response to changes 
in its environment. Restrictive performance requirements demanded of these materials 
makes the accurate prediction of aging effects increasingly important. 
The purpose of developing the FEM application to polymeric systems is to simulate 
the diffusion and chemical reaction of mobile chemical species dissolved in polymeric 
materials. The existence of mobile chemical species in polymers has long been known to 
influence its response to applied mechanical oads, and it is desirable to estimate of effects 
of changes in the chemical constituency on the mechanical properties of these materials. 
Similar work in the area of modeling of groundwater contaminant ransport and reaction 
can be found in publications by Guymon and Luthin[8], Pickens and Lennox[9] and 
others[lO, Ill. 
The application of the FEM to diffusional mass transport is relatively straightforward, 
as the equations which describe the Fickian diffusion and chemical reaction (aging) pro- 
cesses in polymers are analogous to the equations describing heat conduction in solids. 
We can therefore take advantage of a great deal of past experience in solving heat transfer 
problems by the FEM and apply that knowledge to the modeling of mass transport and 
reaction in polymers. However, this analogy breaks down, as certain differences exist in 
the phenomenology of the two processes. The assumptions required to make the analogy 
necessarily limit this method to physical systems whose mass transport can be described 
by Fickian diffusion. This excludes a class of glassy amorphous polymers whose mass 
transport cannot be characterized by the Fickian model, and where the solute transport 
must be characterized by a swelling and/or stress relaxation mechanism in addition to 
transport by concentration gradients. Hopfenberg and Stannet[l2] provide an excellent 
review of the characteristics of both Fickian and non-Fickian mass transport, and La- 
venda[ 131 gives an in-depth description of the mechanisms of the diffusion process from a 
molecular viewpoint. 
Application of the finite-element method 
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For a solid polymeric materials containing mobile species capable of simultaneously 
diffusing and reacting, the differential mass balance for species i is given as[14-171: 
@” 
_ = V.[D(i).vc(O] + R(i) 
at 
(1) 
for chemical species i = 1, 2, . . . , m. The assumption of Fickian diffusion restricts the 
analysis method to dilute solute concentrations, where the diffusion rate of solute is pro- 
portional to its concentration gradient. Additionally, we will assume Dci) is a function of 
the concentration of species i only. The source term R(‘) is potentially a function of all m 
species concentrations and couples the set of differential equations [Eq. (l)]; one for each 
chemical species under consideration. It is further assumed that any heat evolved or 
absorbed by the chemical reactions is so small or slow such that a constant uniform 
temperature is maintained in the material domain under consideration. 
The FEM requires the trial solutions chosen to approximate the solution to Eq. (1) to 
be piecewise continuous across element boundaries[4]. Yet, if two (or more) polymeric 
materials having different species solubilities are adjacent, they can exhibit a discontinuity 
in concentration cross the material interface, as sketched in the one-dimensional example 
in Fig. 1. An essential part of the FEM is that the gradient of the trial solution must be 
square_integrable[4] over the element domain, fi2” : 
(in one dimension). (2) 
Clearly K?)/ax exists at an internal material interface and can be expressed as a delta 
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Fig. 1. Illustration of an internal material interface with a discontinuous species contention and a piecewise 
continuous species pressure. 
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function, but as the integrand in Eq. (2), it has no meaning and cannot be evaluated. To 
overcome this problem, the species concentration, P, in Eq. (1) can be transformed to 
a piecewise continuous pressure, Pi), by a constitutive relationship: 
f-J’) = s(i)p’i), (3) 
where SCi) is solubility function of species i in a given material and can be a function of 
the variable P”‘. It will be assumed at this point that a pressure of species i dissolved in 
a polymer actually exists in order to maintain consistency with the trial solution require- 
ments of the FEM. Its physical significance will be discussed later. Substitution of Eq. 
(3) into (1) yields a modified mass balance equation: 
p dir _ v.[(DWE;W).Vp(i)] + R@) 
for species i = 1, 2, . . . , m (for simplicity, the superscript (i) referring to species i will 
be assumed), where 
(5) 
and 
If one compares Eq. (4) to the differential heat balance (assuming no convection), 
The forms of Eqs. (4) and (7) are analogous, as noted by Slattery[lS]. If an existing FEM 
solution technique exists for Eq. (7), it should also be valid for Eq. (4), with appropriate 
parameter substitutions. 
The boundary and initial conditions for Eqs. (4) and (7) are also analogous, with minor 
exceptions: A prescribed temperature or pressure on an external boundary (I) are anal- 
ogous; a convective boundary layer is of the same form[l_5]: 
(-DG lr) .n = k'(SP Ir - C,) for mass transport, (8) 
( -K$ lr).n = h(TIr - T,) for heat transport. 
Only radiation heat transfer at gas-solid interfaces does not have an analog in mass 
transport. 
The constitutive relationship between the species concentration and pressure given in 
Eq. (3) can be considered a mathematical convenience to transform the concentration to 
a pressure variable-the actual form of Eq. (3) is empirically derived. Two simple forms 
are considered by Hopfenberg[ 121 and Denbigh[ 181-a linear nonlinear solubility relation: 
Linear solubility 
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If S = constant, then 5 = 0 and t = S in Eqs. (5) and (6). The relationship between 
concentration and pressure then becomes linear (ideal), similar to Henrys’ law of solute 
sorption. Equation (4), the governing pointwise mass balance, can be expressed as 
S $ = SDV’P + VP.SVD + R, (10) 
and the analogous thermal balance becomes 
pCp FT = KV’T + VT*VK + @. (11) 
Given that D = D(P) and K = K(T), the first term on the right-hand side of eqs. (10) and 
(11) is the linear diffusion part (D and K are constant), and the second is a correction to 
the ideal diffusion due to spatial variations in D and K. 
Nonlinear solubility 
S = S(P), yields a differential mass balance: 
.$ $ = DkV’P + VP..$VD + VP.DVf; + R. (12) 
If S = S(P), then the term 5 = S + P(dSIdP) is the full solubility expression, including 
the deviation from ideality term, P(dSlaP). There is an additional term in the right-hand 
side of Eq. (12) representing a contribution to mass accumulation due to a spatial variation 
of the nonideal part of the solubility; namely, VP.DV[. A typical form of the nonlinear 
solubility relationship can be expressed as 
C = k;P + CfibPI(1 + bP) (13) 
describing a dual-mode dissolved and “hole-filling” transport process. The concentration- 
pressure dependence described by Eq. (13) is not explicitly space dependent; that is, Vt 
= 0, but could be if the material system of interest were sufficiently characterized to 
include spatial variations in the solubility function. A more complete description of this 
type of solubility behavior is given by Hopfenberg[l2]. Given the empirical parameters 
kz, Cti and b, the specific nonlinear form the governing differential equation would be 
known by direct substitution of Eq. (13) into (4). 
FINITE-ELEMENT APPLICATION 
Following the FE discretization methods for the heat conduction equation, the semi- 
discrete matrix equations can be derived[4] for the heat conduction and solute diffusion 
equations, respectively: 
(14) 
(15) 
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The matrix equation for solute diffusion/reaction (15), though, is valid for i = 1, 2, 
. . . ) m solute species at each node, requiring m multiple degrees of freedom (one for 
each scalar pressure for each solute species) at each node. The pressure and pressure 
rate vectors in Eq. (15) would have the following forms: 
{PI = {P} = < 
\ 
m 
> . (16) 
/ 
for WI nodes and m chemical species. Similarly, the capacitance and stiffness matrices 
can be defined as 
0 
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for a lumped capacitance matrix, and 
tKlc = 
L 
c k, t kt2 k22 km 1 
1 (v-d. 0 
0 
‘krtktz . 
k 
(s ymz; r 
k nn 1 m, 
(1% 
for the stiffness matrix. The block-diagonal form of [Cl, and [Klc can be maintained as 
long as the diffusivity and solubility (D, S) for any individual species is not dependent 
upon the concentration of any other species considered. 
The stiffness matrix in both the thermal and solute diffusion have physical interpre- 
tations in the context of the semidiscrete matrix equations (14) and (15)-that of con- 
ductivity (K) and mass permeability (Do in thermal and solute diffusion cases, 
respectively. 
The force term, {F}c in Eq. (15), because it contains the reaction term R for species 
i, which is potentially dependent on all m species concentrations (pressures), departs from 
the simple analogous force term for the thermal problem. In general, the form of R would 
be 
R = R(b", . . . , 6”‘>, (19) 
where all m species can interact with species i, including itself. The dependence of the 
source of species i on the concentration of all other species makes the force term nonlinear 
and requires an iterative solution procedure to arrive at a distribution of species pressures 
which satisfies Eq. (15). Procedures for these iterative methods are described in detail 
by Hughes[4] and others[l3]. 
In general, the source term for species i is solely dependent on the polymer materials 
and chemical species under consideration. The convergence of Eq. (15) for any material 
system considered depends upon the magnitude of the source term R, with respect to the 
diffusional term(s) in Eq. (4), and the form of the relation (19). Denbigh[ 181 reviews typical 
kinetic forms of chemical species in solution. For most practical applications, it is rec- 
ommended that the form of R be kept as general as possible, and that parameter inputs 
for R be allocated by polymer material, as solute reactions may only occur in one polymer 
and not in another adjacent to it. 
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In many practical applications, the temperature of the material system being modeled 
by the FEM may not be constant. Because both the diffusion and reaction processes are 
temperature dependent, we must consider how to incorporate changes in temperature 
during a process simulation and an imposed temperature gradients: 
If the initial and final temperature fields are spatially uniform, the time required to reach 
a new thermal equilibrium locally is usually several orders-of-magnitude shorter than 
the time required for any measurable change in the concentration of any chemical spe- 
cies. Then the change in temperature (A T) can be considered as a step change in time. 
However, an instantaneous change in mass concentration of any species cannot occur 
across an instantaneous AT. If a temperature change is imposed and the solubility 
function’s temperature dependence is empirically determined to follow an Arrhenius 
behavior, then the transient-solution procedure is stopped and the pressure vector (dis- 
tribution), {P}, of each species must be scaled according to the following relation in 
order that the concentration remain constant: 
v% - Wl 
So exp [ _ AHJIR. (& _ A) ] = “I = constant7 (20) 
where T2 - TI = AT, {P}, and {P}z are the pressure distributions at temperatures TI 
and Tz, respectively, and {C} is the species-concentration distribution prior to the tem- 
perature change. In this way, the pressure distribution can be scaled (node-by-node) 
and the transient-solution procedure restarted at the new temperature, T2. 
If gradients of temperature exists prior to or after the change in temperature, then 
provision must be made in the solution procedure to evaluate the nodal temperatures 
by use of a heat conduction solver, and use that temperature solution to define the 
temperature-dependent properties D, S and R for the diffusion problem. Since the ma- 
terial properties D, S and R are element (volumetric) quantities and the temperatures 
are nodal quantities, the temperatures need to be isoparametrically interpolated within 
each element to define the new material properties. Pressures would again be scaled 
by use of Eq. (20). A convenient way of computing the new temperature distribution 
would be to define an additional degree of freedom at each node for the temperature 
and solve for both temperature and pressure fields simultaneously. But because the 
thermal- and mass-diffusion processes usually have vastly different characteristic time 
scales, it might make more sense to solve for the temperature distribution first, then 
proceed with the scaling of the pressure distribution prior to restarting the transient- 
solution process. 
DISCUSSION 
Application of the concentration-pressure relation given in Eq. (3) is crucial to trans- 
forming the differential mass balance (1) to a form compatible with the existing trial 
solutions in the FEM. Even though Eq. (3) can be strictly thought of as a mathematical 
construct to permit the variable transformation, the allowance of such a relation must be 
compatible with the observable and measurable mass-transport phenomena and within 
the bounds of thermodynamic constraints. A pressure of a solute species dissolved in a 
polymer does not truly exist as it would in the vapor phase, as the solute molecules 
experience vastly different local energy states in these two environments. Since the en- 
ergy-state environment of the molecules in solution is very different compared to that in 
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the vapor phase, one cannot define a gas pressure of the dissolved solute molecules, as 
they have, in comparison, little kinetic energy to impart to the container “walls” (the 
polymer molecules which surround the dissolved solute molecules). 
One can define a dissolved solute pressure as the external mechanical pressure applied 
to the polymer body necessary to prevent the diffusion of the solute, given a concentration 
gradient of solute applied to the polymers external boundary (surface). This solute pressure 
can be thought of, in a way, as similar to an osmotic pressure[l8] which exists only when 
two solutions of different solute concentration are separated by a semipermeable mem- 
brane. If an external mechanical pressure is applied to the solution with the higher solute 
concentration, then the dilution of the higher concentration by solvent from the lower 
concentration side is prevented. By analogy, the polymers’ external surface in contact 
with the vapor phase can be considered the “membrane” across which the polymer’s 
molecules cannot pass, and the solute molecules, given a concentration gradient, will 
transport across this surface in an attempt to “dilute” the polymer matrix, given a con- 
centration gradient at the surface. It is actually the chemical potential difference (A ~(“)[18, 
193 of species i in the vapor and polymer that determines if mass transport will occur, 
and ideally the chemical potential can be related to the mass fraction or concentration 
(or pressure) of the solute in each phase. 
The solubility function defined in Eq. (3) cannot be defined as the thermodynamic 
solubility when used in conjunction with the mass-balance equation (1). The thermody- 
namic solubility is the ratio of the solute partial pressure in the vapor phase in equilibrium 
with the concentration of solute dissolved in the polymer at a fixed uniform temperature. 
When gradients of concentration in the polymer and time dependencies exist, the Sci) in 
Eq. (3) can only be approximated by the thermodynamic solubility when the gradients are 
small and the mass-transport process is near equilibrium. Assuming local equilibrium 
exists in the polymer, then the solubility function in Eq. (3) can be approximated by the 
thermodynamic solubilities as determined by quasi-equilibrium solute absorptionldesorp- 
tion experiments. In view of the difficulties in empirically determining the other material 
parameters required in Eq. (1) (e.g. D, the kinetic order of R, etc.) the deviations from 
the assumption of local equilibrium, in our experience[20-241, is a small source of error 
in the predicted results. Then the linear (Henry’s law) and the nonlinear (dual mode 
sorption) expressions discussed earlier are valid models for the solubility function SC”. 
Consideration was given to applying the FEM technique directly to the mass balance 
in Eq. (l), foregoing the concentration-pressure variable transformation described. The 
analogy to the heat-conduction equation is still valid except at an internal material interface 
of different polymers where the concentrations are discontinuous at the interface. In this 
instance, the interface constraint is a jump balance[l5] across the interface, namely 
[ ( q”‘*n ( ] + r” = 0, 
where 
(21) 
(22) 
for species i in materials 1 and 2, and u is the interface boundary between the two material 
domains. This constraint condition can be incorporated into the solution scheme by the 
use of either a penalty or Lagrange multiplier methodl41, and would require an iterative 
solution technique be applied to satisfy both the governing differential equation (1) and 
the constraint condition, Eq. (21). However, this would require that the elements bordering 
the interface be handled by either of the above special techniques for the additional con- 
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straint condition, as well as requiring elements along the boundary to carry additional 
nodal information to account for the discontinuity in solution (e.g. “double noding” on 
d). This effort does not seem warranted when weighed against the burden of modifying 
plotting, output and utility routines, etc., required to incorporate a discontinuous solution 
into a code designed to manipulate piecewise continuous solutions. 
It should be noted here that the lumped capacitance matrix formulation should be used 
in transient solutions in both the thermal and solute diffusion problems, since the con- 
sistent capacitance matrix formulation uses negative weights at the nodes. This results in 
a solution that blows up in the first few time steps due to the negative (and nonphysical) 
heat/mass capacitance at the nodes. 
Additionally, the diffusion/reaction problem as expressed by Eq. (1) makes no explicit 
statement as to the sign of the concentration of species i in the material domain of interest. 
Equation (1) can be satisfied by a negative concentration in the domain interior, as long 
as both the differential equation and the boundary conditions are satisfied. Physically, 
the concentration of any chemical species must be zero or positive valued; therefore some 
internal sign-check on the concentrations (pressures) should be made at each time-step 
in the transient solution process to maintain consistency with the actual phenomenology 
of the diffusion/reaction process. 
SUMMARY 
Existing FEM thermal conduction solvers can be used to simulate the mass diffusion 
and reaction of multiple solutes in multimaterial polymeric systems by the use of a trans- 
formation of variables from species concentration to a species pressure. Although phys- 
ically the pressure variable is a mathematical construct used for the convenience of the 
FEM, its use can be rationalized by the use of thermodynamic arguments. Existing thermal 
solvers must be modified to include the interaction of multiple, mobile chemical species 
that may be created or destroyed by chemical reactions occurring within the polymer. 
The relative importance of these interactions (which leads to a coupled nonlinear problem) 
depends upon the polymeric materials and solute species considered. 
Application of this technique is limited to material Systems that obey Fick’s laws of 
diffusion, dilute solute concentrations and isothermal conditions. For elastomeric mate- 
rials, the Fick’s law is a valid constitutive relation governing mass transport of dissolved 
noncondensible gases. Extension of this computational method to rigid polymers, com- 
posites and condensible solutes may not be appropriate, depending on the physical system 
to be examined. Mass transport of these solutes in rigid/composite polymeric systems 
may not be adequately described by a simple Fickian mechanism[l2]. Exercise of all of 
the features described here would require the precise knowledge of a material system that 
is not normally realized in most experimental studies on the aging of polymers. Clearly, 
the accuracy of the predictions are dependent on the quantity and quality of the exper- 
imental data used to generate the material properties and their dependencies. Useful 
predictions of polymer-aging trends can be made even with limited data, but the accuracy 
and reliability of the predictions are subject to the quality of the data and the applicability 
of the model assumptions to the actual aging situations being modeled. 
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